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Section 1

Language of polynomials

1.1 Definitions

² Knowledge

What is a polynomial
3 Skills
Operate with polynomials

­ Understanding
How to identify a polynomial

� By the end of this section am I able to:
12.1 Define a general polynomial in one variable, x , of degree n with real coefficients to be the expression:

anx
n + an−1x

n−1 + ...+ a2x
2 + a1x+ a0 , where an 6= 0.

� Learning Goal(s)

L A polynomial function is a function with positive integral (or zero) powers of x.

P (x) = anx
n + an−1x

n−1 + an−2x
n−2 + · · ·+ a2x

2 + a1x+ a0

where ak ∈ R are the . . . . . . . . . . . . . . . . . . . . . . . . . . . . of the corresponding power of x,
and n ∈ N.

� Definition 1

M L The . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . is

anx
n

The . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . is an.

� Definition 2

M L A polynomial P (x) is . . . . . . . . . . . . . . . . if an = 1.

� Definition 3

4



Language of polynomials – Definitions 5

M L The . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . is a0, i.e. . . . . . . . . . . . . . . . . . . . . . . . . .
of x0.

� Definition 4

M L The . . . . . . . . . . . . . . . . . of P (x) is deg(P ) = n, i.e. . . . . . . . . . . . . . . . . . . power
of x.

� Definition 5

! Proficiency with various factorisation methods required

V Important note

Given P (x) = x3−x2+x−1, Q(x) = 3x3−2x2 and R(x) = −x4+2x3−3x2, evaluate

(a) P (x)Q(x) (b) Q(x)R(x)

Answer: (a) 3x6 − 5x5 + 5x4 − 5x3 + 2x2 (b) −3x7 + 8x6 − 13x5 + 6x4

� Example 1

Ex 10A (Pender et al., 2019)
• Q1-3 last column • Q6-13

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



6 Language of polynomials – N Method of undetermined coefficients

1.2 N Method of undetermined coefficients

U L Two polynomials P (x) and Q(x) are identical iff all their corresponding
coefficients are equal, i.e.

Given P (x) = anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x+ a0

Q(x) = bnx
n + bn−1x

n−1 + · · ·+ b2x
2 + b1x+ b0

then P (x) ≡ Q(x) iff

an = bn

an−1 = bn−1

...

a1 = b1

a0 = b0

� Definition 6

[Ex 10A Q9(c)] Find the values of a, b and c if Answer: a = 1 ,b = 2, c = 1

a(x− 1)2 + b(x− 1) + c ≡ x2

� Example 2

U Method of undetermined coefficients: find “convenient” values of x to substitute
to determine coefficients.
1. By inspection,

2. Let x = 1:

3. Let x = 0:

³ Steps

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



Section 2

R Graphs of polynomials

² Knowledge

What the graph of various
polynomials resemble

3 Skills
Sketch particular graphs of
factored polynomials

­ Understanding
How multiple roots cause
particular behaviours

� By the end of this section am I able to:
12.2 Use the factored form for a polynomial expression P (x) and relate this to the roots of the equation

P (x) = 0.

12.3 Understand the behaviour of the polynomial P (x) as x → ±∞.

12.4 Relate the zeros of a P (x) = 0 to the graph of y = P (x).

� Learning Goal(s)

2.1 Multiple roots

U If (x− α) is a factor of P (x), and

P (x) = (x− α)mQ(x)

where Q(x) is not divisible by (x− α), then x = α is zero of multiplicity m.

� Definition 7

U

Root of multiplicity Behaviour near root
1

2

3

4

º Theorem 1
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8 R Graphs of polynomials – Multiple roots

• As x → ∞, P (x) → ∞ if an is . . . . . . . . . . . . . . . . . . . .

• As x → −∞

– P (x) → −∞ if deg(P ) is . . . . . . . . . .

– P (x) → ∞ if deg(P ) is . . . . . . . . . . . .

• Every . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . polynomial has at least . . . . . . . . . real
root.

º Theorem 2

Sketch, showing the behaviour near x intercepts:
(a) P (x) = (x− 1)2(x− 2)

(b) Q(x) = x3(x+ 2)4(x2 + x+ 1)

(c) R(x) = −2(x− 2)2(x+ 1)5(x− 1)

� Example 3

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



R Graphs of polynomials – Multiple roots 9

Ex 10B

• Q2-4 • Q6-11

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



Section 3

Division of polynomials

² Knowledge

When to use long division,
remainder or factor theorems

3 Skills
How to use long division,
remainder and factor theorems

­ Understanding
Why the remainder and factor
theorems work the way they do

� By the end of this section am I able to:
12.5 Use division of polynomials to express P (x) in the form P (x) = A(x)Q(x)+R(x) where degR(x) <

degA(x) and A(x) is a linear or quadratic divisor, Q(x) the quotient and R(x) the remainder.

12.6 Prove and apply the factor theorem and the remainder theorem for polynomials and hence solve
simple polynomial equations.

� Learning Goal(s)

3.1 Division algorithm

Every integer n can be written as

n = dq + r

where

163

17
)

2785
1700

1085
1020

65
51

14

• d (17) is the . . . . . . . . . . . . . . . . . . .

• q (163) is the . . . . . . . . . . . . . . . . . . . . . .

• r (14) is the . . . . . . . . . . . . . . . . . . . . . . . . . . .

º Theorem 3
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Division of polynomials – Division algorithm 11

U Every polynomial P (x) can be written as

P (x) = D(x)Q(x) +R(x)

where
• D(x) is the . . . . . . . . . . . . . . . . . . .

• Q(x) is the . . . . . . . . . . . . . . . . . . . . . .

• R(x) is the . . . . . . . . . . . . . . . . . . . . . . . . . . . .

º Corollary 4

• Divide polynomials in a similar way to integers.

Divide 3x4 − 4x3 + 4x− 8 by

(a) x− 2 (b) x2 − 2

Answer: (a) (x− 2)(3x3 + 2x2 + 4x+ 12) + 16 (b) (x2 − 2)(3x2 − 4x+ 6) + (−4x+ 4)

� Example 4

U The degree of the remainder must be less than the degree of the divisor, i.e.

degR(x) < degD(x)

º Theorem 5

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



12 Division of polynomials – Division algorithm

[Ex 4C Q6] Evaluate (x3 − 3x2 + 5x− 4)÷ (x2 + 2), and express the result via the
division transformation algorithm.

� Example 5

[1998 HSC 3U] (3 marks) Find the quotient, Q(x), and the remainder, R(x), when
the polynomial P (x) = x4 − x2 + 1 is divided by x2 + 1.

� Example 6

Ex 10C

• Q2 LC • Q5-13

Î Further exercises

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



Section 4

The remainder & factor theorems

4.1 The remainder theorem

The remainder theorem: if P (x) is divided by (x− a), then the remainder is P (a).

º Theorem 6

Proof U

1. Write P (x) using the division algorithm (See Corollary 4 on page 11):

2. Find the value of the remainder by letting x = a:

³ Steps

Find the remainder when 3x4 − 4x3 + 4x− 8 is divided by x− 2. Answer: 16

� Example 7

13



14 The remainder & factor theorems – The remainder theorem

The polynomial P (x) = x4 − 2x3 + ax + b has a remainder of 3 after dividing by
(x− 1) and leaves a remainder of −5 when dividing by (x+ 1).

Find the value of a and b. Answer: a = 6, b = −2

� Example 8

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



The remainder & factor theorems – The remainder theorem 15

[Ex 4D Q18] When x5 +3x3 + ax+ b is divided by x2 − 1, the remainder is 2x− 7.
Find the value of a and b.

� Example 9

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



16 The remainder & factor theorems – The factor theorem

4.2 The factor theorem

The factor theorem: if P (a) = 0, then (x− a) is a factor of P (x).

º Corollary 7

Proof U

1. If P (a) = 0, then

2. Rewriting using the division transformation (Corollary 4 on page 11):

³ Steps

Show that (x− 3) is a factor of P (x) = x3− 2x2 +x− 12, and (x− 1) is not a factor.
Then, factor the polynomial completely over Z. Answer: P (x) = (x− 3)(x2 + x+ 4)

� Example 10

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



The remainder & factor theorems – The factor theorem 17

Completely factorise P (x) = x4 + x3 − 9x2 + 11x− 4 over R.

� Example 11

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



18 The remainder & factor theorems – The factor theorem

If the coefficients of P (x) are integers, then any integer zero of P (x) must be one of
the divisors of the constant term.

© Laws/Results

Most polynomials seen at Extension 1 level will have integer roots. Use this to your
advantage.

V Important note

[Ex 4D Q7] Fully factorise, and sketch a graph, indicating all intercepts with the
axes. Turning points are not required.
(a) P (x) = −x3 + x2 + 5x+ 3 (b) P (x) = 3x4 + 4x3 − 35x2 − 12x.

� Example 12

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



The remainder & factor theorems – The factor theorem 19

[Ex 4E Q6] A polynomial of degree 3 has a double zero at 2. When x = 1 it takes
the value 6 and when x = 3 it takes the value 8. Find the polynomial.

� Example 13

Ex 10D

• Q4-19

Ex 10E

• Q3, then Q5-13 odd #

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



Section 5

Relationships between roots

² Knowledge

What the symmetric functions
are

3 Skills
Use the elementary symmetric
functions to solve problems

­ Understanding
Understand where the
elementary symmetric functions
of roots arises from, and when
to use them

� By the end of this section am I able to:
12.7 Solve problems using the relationships between the roots and coefficients of quadratic, cubic and

quartic equations.

� Learning Goal(s)

5.1 Vieta’s formulas/Symmetric Functions of Roots

A symmetric function of polynomial roots is any algebraic combination of its roots
which is unaltered by changing any two of these symbols, e.g. if α, β and γ are the
roots of a cubic polynomial, then

α2β + αβ2

α2βγ + αβ2γ + αβγ2

are two of such symmetric functions.

� Definition 8

5.1.1 Elementary symmetric functions of roots of a quadratic

The elementary symmetric functions of a quadratic polynomial: If α and β are
the roots of a quadratic equation ax2 + bx+ c = 0,

• The sum of the roots: . . . . . . . . . . . . . . . . . . . . . . . . . .

• The product of the roots: . . . . . . . . . . . . . . . .

º Theorem 8

Note in these two formulae, α and β are . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . , and can
be “swapped around”. Hence the symmetry.

V Important note

20



Relationships between roots – Vieta’s formulas/Symmetric Functions of Roots 21

Proof

1. ‘Forcibly’ factorise the a term out of ax2 + bx+ c = 0:

2. Rewrite ax2+ bx+ c = 0 in factored form, given x = α and x = β are the roots:

3. Expand the factored form, and compare coefficients: (See
Definition 6 on page 6)

³ Steps

5.1.2 General symmetric functions of a quadratic

Write a symmetric function involving a, b and c.
� Example 14

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



22 Relationships between roots – Vieta’s formulas/Symmetric Functions of Roots

If α and β are the roots of the quadratic equation 2x2 − 5x + 1 = 0, find the values
of:

(a) α + β

(b) αβ

(c) 1
α
+ 1

β
(d) α2 + β2

(e) (α− 3)(β − 3)

� Example 15

The actual values of α and β are not the emphasis, but rather their sum and their
product.

V Important note

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



Relationships between roots – Vieta’s formulas/Symmetric Functions of Roots 23

Form a quadratic equation with integer coefficients, whose roots are

(a) 5 and −2 (b) 2±
√
3 (c) p and 2p

� Example 16

Find m, given that one of the roots of x2 +mx+ 18 = 0 is twice the other.
Answer: m = ±9

� Example 17

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



24 Relationships between roots – Vieta’s formulas/Symmetric Functions of Roots

(a) Prove that (α− β)2 = (α + β)2 − 4αβ

(b) Hence or otherwise, evaluate |α− β|, where α and β are the roots of the
equation x2 − 9x+ 2 = 0.

Answer:
√
73

� Example 18

The line y = 2x+ b intersects the circle x2 + y2 = 25 at P and Q. Use the sum and
product of roots to find the coordinates of the midpoint M(X, Y ) of PQ.

� Example 19

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



Relationships between roots – Vieta’s formulas/Symmetric Functions of Roots 25

[1997 HSC Q10] In the diagram, Q is the point (−1, 0), R is the point (1, 0), and
P is another point on the circle with centre O and radius 1. Let ∠POR = α and
∠PQR = β, and let tan β = m.

O

y

xQ

P

R

αβ

i. Explain why △OPQ is isosceles, and hence deduce that α = 2β. 2

ii. Find the equation of the line PQ. 1

iii. Show that the x coordinates of P and Q are the solutions of the equation

(

1 +m2
)

x2 + 2m2x+m2 − 1 = 0

3

iv. Using this equation, find the coordinates of P in terms of m. 2

v. Hence deduce that tan 2β =
2 tan β

1− tan2 β
. 2

� Example 20

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



26 Relationships between roots – Vieta’s formulas/Symmetric Functions of Roots
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Relationships between roots – Vieta’s formulas/Symmetric Functions of Roots 27

[2005 HSC Q10] The parabola y = x2 and the line y = mx + b intersect at the
points A (α, α2) and B (β, β2) as shown in the diagram.

x

y

y =
mx+

b

b

b

A (α, α2)

B (β, β2)

P (x, x2)

i. Explain why α + β = m and αβ = −b. 1

ii. Given that (α− β)2 + (α2 − β2)
2
= (α− β)2

[

1 + (α + β)2
]

, show that

the distance
AB =

√

(m2 + 4b) (1 +m2)

2

iii. The point P (x, x2) lies on the parabola between A and B. Show that

the area of △ABP is given by
1

2
(mx− x2 + b)

√
m2 + 4b.

Hint: use this perpendicular distance formula

d =
|ax1 + by1 + c|√

a2 + b2

to find the perpendicular distance from a point (x1, y1) to a straight line
ax+ by + c = 0.

2

iv. The point P in part (iii) is chosen so that the area of △ABP is a
maximum.

Find the coordinates of P in terms of m.

2

� Example 21

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



28 Relationships between roots – Vieta’s formulas/Symmetric Functions of Roots
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Relationships between roots – Elementary symmetric functions of roots of a cubic 29

5.2 Elementary symmetric functions of roots of a cubic

The elementary symmetric functions of a cubic polynomial: If α, β and γ are
the roots of a cubic equation ax3 + bx2 + cx+ d = 0,

• Sum of roots, one at a time:

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.1)

• Sum of pairs of roots: (two at a time)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.2)

• Sum of triples of roots: (three at a time)

. . . . . . . . . . . . . . . . . . . . . . (5.3)

º Theorem 9

Proof

1. Rewrite ax3 + bx2 + cx+ d = 0 in factored form:

2. Expand the factored form, and compare coefficients:

³ Steps

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



30 Relationships between roots – Elementary symmetric functions of roots of a quartic

5.3 Elementary symmetric functions of roots of a quartic

The elementary symmetric functions of a quartic polynomial: If α, β, γ and δ

are the roots of a quartic equation ax4 + bx3 + cx2 + dx+ e = 0,

• Sum of roots, one at a time:

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.4)

• Sum of pairs of roots: (two at a time)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.5)

• Sum of triples of roots: (three at a time)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5.6)

• Sum of quadruples of roots: (four at a time)

. . . . . . . . . . . . . . . . . . . . . (5.7)

º Theorem 10

Proof Expand the product of the factors and compare coefficients with ax4 + bx3 + cx2 + dx+ e.
Not done for brevity.

See also

URL http://mathworld.wolfram.com/VietasFormulas.html

URL http://mathworld.wolfram.com/FundamentalTheoremofSymmetricFunctions.html

Polynomials NORMANHURST BOYS’ HIGH SCHOOL
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Relationships between roots – Examples 31

Every symmetric function of the roots can be expressed in terms of the elementary
symmetric functions.

º Theorem 11

5.4 Examples

Let α, β and γ be the roots of x3 − 3x+ 2 = 0.
(a) Find the value of the elementary symmetric functions,

i α + β + γ ii αβ + βγ + αγ iii αβγ.

(b) Hence evaluate

i
1

α
+

1

β
+

1

γ
. ii α2 + β2 + γ2

iii α2β + αβ2 + βγ2 + β2γ + αγ2 + α2γ.

Answer: i. 3

2
ii. 6 iii. 6

� Example 22

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



32 Relationships between roots – Examples

[2014 Ext 1 HSC] Which group of three numbers could be the roots of the
polynomial equation x3 + ax2 − 41x+ 42 = 0?

(A) 2, 3, 7

(B) 1, −6, 7

(C) −1, −2, 21

(D) −1, −3, −14

� Example 23

If one root of the cubic f(x) = ax3 + bx2 + cx + d is the opposite of another, prove
that ad = bc.

� Example 24

[2000 HSC 3U] (4 marks) The polynomial P (x) = x3 + px2 + qx+ r has roots
√
k,

−
√
k and α.

i Explain why α + p = 0.

ii Show that kα = r.

iii Show that pq = r.

� Example 25

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



Relationships between roots – Examples 33

[2003 Ext 1 HSC] (2 marks) It is known that two of the roots of the equation
2x3 + x2 − kx+ 6 = 0 are reciprocals of each other. Find the value of k.

� Example 26

[1995 3U HSC] (4 marks) Consider the equation

x3 + 6x2 − x− 30 = 0

One of the roots of this equation is equal to the sum of the other two roots.

Find the values of the three roots.

� Example 27

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



34 Relationships between roots – Examples

[2009 CSSA Ext 1]

(i) If the roots of x3 − 6x2 + 3x + k = 0 are consecutive terms of an
arithmetic series, show that one of the roots is 2.

2

(ii) Hence find the value of k and the other two roots. 3

Answer: k = 10, other roots are −1 and 5.

� Example 28

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



Relationships between roots – Examples 35

The roots of the equation 4x3 − 13x2 − 13x + 4 = 0 are consecutive terms of a
geometric sequence.

Find the roots of this equation.

� Example 29

NORMANHURST BOYS’ HIGH SCHOOL Polynomials



36 Relationships between roots – Examples

Consider the equation 2x3 + x2 − 15x− 18 = 0. One of the roots of this equation is
positive and equals the product of the other two roots.

Find the roots of this equation. Answer: −2, − 3

2
, 3

� Example 30

Grove (2010, Ex 12.6) ! Two roots of x3 + mx2 + 15x − 7 = 0 are equal and
rational. Find the value of m. Answer: m = −9

� Example 31

Ex 10F
• Q1-6

• Q7-19 odd

Ex 10H

• Q1-14

Î Further exercises

Polynomials NORMANHURST BOYS’ HIGH SCHOOL



Section 6

Multiplicity of polynomial roots

² Knowledge

What is the fundamental
theorem of algebra

3 Skills
Operate with, and graph
polynomials with multiple roots

­ Understanding
The fundamental theorem
of algebra and link to the
derivative

� By the end of this section am I able to:
12.8 Determine the multiplicity of a root of a polynomial equation.

12.9 Graph a variety of polynomials and investigate the link between the root of a polynomial equation
and the zero on the graph of the related polynomial function.

� Learning Goal(s)

6.1 Fundamental theorem of algebra

Fundamental theorem of algebra Every polynomial equation of degree n will have
n roots.

º Theorem 12

Multiplicity If α is a root of a polynomial P (x), i.e. . . . . . . . . . . . . . . . . . . . . and

P (α) = P ′(α) = P ′′(α) = P (3)(α) = · · · = P (r)(α)

then α is a root of multiplicity r + 1.

º Theorem 13

For P (x) = (x− 5)3,
(a) Find P ′(x)

(b) Find P ′′(x)

(c) Find P (3)(x), the third derivative.

� Example 32

37



38 Multiplicity of polynomial roots – Fundamental theorem of algebra

Conclusion For Example 32, x = 5 is a root of multiplicity

• . . . . for P (x) = 0 • . . . . for P ′(x) = 0 • . . . . for P ′′(x) = 0

...and not a root of P (3)(x).

L Fill in the spaces
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Multiplicity of polynomial roots – Fundamental theorem of algebra 39

Identify the multiplicity of the roots of this equation, and sketch the graph.

(x− 1)3(x− 5)2(x− 6) = 0

� Example 33

If P (x) = 0 has a root x = α with multiplicity . . . . . , then x = α will be a root to

the equation P ′(x) = 0 with multiplicity . . . . . . . . . . . . . . .

º Corollary 14

Proof Let P (x) = (x− α)mQ1(x), where m > 0, Q1(α) 6= 0

1. Differentiate P (x):

2. Factorise:

³ Steps
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40 Multiplicity of polynomial roots – Fundamental theorem of algebra

[2017 Ext 2 HSC Q4] The polynomial x3+x2− 5x+3 has a double root at x = α.

What is the value of α?

(A) −5

3
(B) −1 (C) 1 (D)

5

3

� Example 34

[2016 Ext 2 HSC Q2] Which polynomial has a multiple root at x = 1?
(A) x5 − x4 − x2 + 1

(B) x5 − x4 − x2 − 1

(C) x5 − x3 − x2 + 1

(D) x5 − x3 − x+ 1

� Example 35

Show that P (x) = x4−2x3+2x−1 has a multiple zero. Find this zero and determine
its multiplicity, and factorise over R. Answer: P (x) = (x− 1)3(x+ 1)

� Example 36
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Multiplicity of polynomial roots – Fundamental theorem of algebra 41

[2019 Ext 2 HSC Q4] The polynomial 2x3+ bx2+ cx+ d has roots 1 and −3, with
one of them being a double root.

What is a possible value of b?
(A) −10 (B) −5 (C) 5 (D) 10

� Example 37

Given that P (x) = x4 − 5x2 + 12x + 28 has an integer double zero, factorise the
polynomial over R. Answer: P (x) = (x+ 2)2(x2 − 4x+ 7)

� Example 38

Solve the equation x3 − 4x2 − 3x+ 18 = 0, given it has a root of multiplicity 2.
Answer: x = 3, 3,−2

� Example 39
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42 Multiplicity of polynomial roots – Fundamental theorem of algebra

Show that 1 + x+
x2

2!
+

x3

3!
+ · · ·+ xn

n!
has no multiple zero for any integer n > 1.

� Example 40
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Multiplicity of polynomial roots – Application 43

6.2 Application

Geometry of points of intersection When finding the point of intersection for two
graphs y = f(x) and y = g(x) by solving simultaneously, i.e. solving for f(x) = g(x),
around the neighbourhood of the root with multiplicity

1: f(x) . . . . . . . . . . . . . . . . . . g(x) at that x value.

• Resembles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . crossing each other.

Draw example

2: f(x) is . . . . . . . . . . . . . . . . . . . . . . . . . to g(x). Resembles:

• A . . . . . . . . . . being . . . . . . . . . . . . . . . . . . . . . . . . . . to a . . . . . . . . . . . . . . . . . . . . . . .
.

• or, two curves sharing a . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Draw example

3: f(x) and g(x) will cross each other similar to a . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . of . . . . . . . . . . . . . . . . . . . . . . .

Draw example

© Laws/Results

Maximum number of points of intersection Polynomial equations of degree n

arising from solving simultaneously implies the graphs will cross each other . . . . . .

. . . . . . . . . . . . . than n times.

º Corollary 15
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44 Multiplicity of polynomial roots – Application

[2012 NSGHS Ext 2 Trial Q13]

i. The polynomial equation P (x) = 0 has a double root at x = α.
Show that x = α is also a root of the equation P ′(x) = 0.

2

ii. You are given that y = mx is a tangent to the curve y = 3− 1

x2
.

Show that the equation mx3 − 3x2 + 1 = 0 has a double root.

1

iii. Hence find the equations of any such tangents. 3

Answer: y = ±2x

� Example 41

! Keywords: Show - which may involve writing a sentence!

V Important note
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46 Multiplicity of polynomial roots – Application

[2013 Ext 2 HSC Q15] The polynomial P (x) = ax4 + bx3 + cx2 + e has remainder
−3 when divided by x− 1. The polynomial has a double root at x = −1.

i. Show that 4a+ 2c = −9
2
. 2

ii. Hence, or otherwise, find the slope of the tangent to the graph y = P (x)
when x = 1.

1

� Example 42

[2016 Ext 2 HSC Q13] Suppose p(x) = ax3 + bx2 + cx+ d with a, b, c and d ∈ R,
a 6= 0.

i. Deduce that if b2 − 3ac < 0 then p(x) cuts the x axis only once. 2

ii. If b2 − 3ac = 0 and p
(

− b
3a

)

= 0, what is the multiplicity of the root

x = − b
3a
?

2

� Example 43

Ex 10G

• All questions

Ex 10H

• All questions

Î Further exercises
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Section 7

Further problems

7.1 N Enrichment: error correcting codes

Read the appendix in Brown et al. (2011) on an application of polynomials modulo 2 and
error correcting codes. Online version:

URL http://www.amsi.org.au/teacher modules/polynomials.html

7.2 Miscellaneous problems

1. P (x) is a monic polynomial of the fourth degree. When P (x) is divided by x+ 1 and
x− 2, the remainders are 5 and −4 respectively. Given that P (x) is an even function
ie. one where P (x) = P (−x).

(a) Express it in the form

a0 + a1x+ a2x
2 + a3x

3 + a4x
4

(b) Find all the zeros of P (x).

2. The polynomial P (x) = x3 − 6x2 + kx+ 14 has a zero at x = 1.

(a) Determine the value of the constant k

(b) Find the linear factors of P (x).

(c) Find the roots of the equation P (x) = 0.

(d) The set of values of x for which P (x) > 0.

3. A monic cubic polynomial when divided by x2+4 leaves a remainder of x+8 and when
divided by x leaves a remainder of−4. Find the polynomial in the form ax3+bx2+cx+d.

4. If α, β and γ are roots of the equation x3 − x2 + 4x − 1 = 0, find the value of
(α + 1)(β + 1)(γ + 1).

5. The polynomial
P (x) = x4 − 3x3 + ax2 + bx− 6

leaves a remainder of 8 when divided by (x+1). If (x− 3) is a factor of P (x), find the
values of a and b.

47
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48 Further problems – Miscellaneous problems

6. The polynomial P (x) = x3 + ax2 + bx+ c leaves the same remainder, whether divided
by (x + 1), (x + 2) or (x + 3). Find the values of a, b and c if the polynomial has a
zero equal to 1 and then show that it has no other real zeros.

7. P (x) denotes the quadratic polynomial kx2 + (k − 1)x − (2k − 1), where k is a real,
rational number.

(a) Show that the equation P (x) = 0 always has real, rational roots for all values of
k.

(b) Find the value of k for which the roots of P (x) = 0 are equal.

(c) Find the value(s) of k for which one of the roots of P (x) = 0 will be double the
other root.

8. Two of the roots of the equation x3 + ax2 + b = 0 are reciprocals of each other (a, b
are both real).

(a) Show that the third root is −b.

(b) Show that a = b− 1
b
.

(c) Show that the two roots, which are reciprocals, will be real if −1
2
≤ b ≤ 1

2
.

9. If f(x) = x3+3x2−10x−24, calculate f(−2) and express f(x) as the product of three
linear factors.

10. Two of the roots of the equation x3 + px2 + qx+ r = 0 are equal in magnitude but
opposite in sign.

(a) Show that x = −p is the other root. (b) Show that r = pq.

11. α, β and γ are roots of the equation x3 + 2x2 − 3x+ 5 = 0. Find:

(a) α + β + γ.

(b) αβ + αγ + βγ.

(c) αβγ.

(d) (α− 1)(β − 1)(γ − 1).

12. The equation x3 − 2x2 + 4x− 5 = 0 has roots α, β and γ.

(a) Write down the values of αβ + αγ + βγ and αβγ.

(b) Hence find the value of α−1 + β−1 + γ−1.

13. Consider the polynomial P (x) = 6x3 − 5x2 − 2x+ 1.

(a) Show that 1 is a zero of P (x).

(b) Express P (x) as a product of its linear factors.

(c) Solve the inequality P (x) ≤ 0.

14. One of the roots of the equation x3 + ax2 + 1 = 0 is equal to the sum of the other two
roots.

(a) Show that x = −a
2
is a root of the equation.

(b) Find the value of a.
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15. The equation x3 −mx+ 2 = 0 has two equal roots.

(a) Write down expressions for the sum of the roots and for the product of the roots.

(b) Hence find the value of m.

16. (a) Factorise 3x3 + 3x2 − x− 1.

(b) Solve the equation
3 tan3 θ + 3 tan2 θ − tan θ − 1 = 0

for 0 ≤ θ ≤ π.

17. The equation 2x3 − 5x− 1 = 0 has roots α, β and γ. Find the value of 1
α
+ 1

β
+ 1

γ
.

18. The polynomial P (x) = x5 + ax3 + bx leaves a remainder of 5 when it is divided by
(x− 2), where a and b are numerical constants.

(a) Show that P (x) is odd.

(b) Hence find the remainder when P (x) is divided by (x+ 2).

19. (a) Given x = 1 is a zero of the polynomial P (x) = x3 − 3x + 2, express P (x) as a
product of three linear factors.

(b) Hence solve the inequality x3 − 3x+ 2 ≤ 0.

20. The polynomial P (x) is given by P (x) = x3 + ax+ 1 for some a ∈ R. The remainder
when P (x) is divded by (x − 1) is equal to the remainder when P (x) is divided by
(x− 2). Find the value of a.

21. The equation 3x3+2x2+4x+1 = 0 has roots α, β and γ. Find the value of 1
α
+ 1

β
+ 1

γ
.

22. The polynomial P (x) is given by P (x) = x3 + ax+ b for some real numbers a and b.
2 is a zero of P (x). When P (x) is divided by (x+ 1) the remainder is −15.

(a) Write down two equations in a and b.

(b) Hence find the values of a and b.

23. The polynomial P (x) is given by

P (x) = x3 + (k − 1)x2 + (1− k)x− 1

for some real number k.

(a) Show that x = 1 is a root of the equation P (x) = 0.

(b) Given that
P (x) = (x− 1)(x2 + kx+ 1)

find the set of values of k such that P (x) = 0 has 3 real roots.

24. (a) Express x3 − 3x2 + 4 as a product of three linear factors by first showing that
(x− 2) is a factor of this polynomial.

(b) Hence solve the inequality x3 − 3x2 + 4 ≥ 0.

25. Find the value of k if (x+ 2) is a factor P (x) = x2 + kx+ 6.
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50 Further problems – Miscellaneous problems

26. If α, β and γ are the roots of 2x3 − 5x2 + 3x− 5 = 0, find the value of

α2βγ + αβ2γ + αβγ2

27. Find the remainder when
P (x) = x3 − 3x2 + 3x− 5

is divided by x− 2.

Answers

1. (a) 12− 8x2 + x4 (b) ±
√
6, ±

√
2 2. (a) k = −9 (b) P (x) = (x− 1)(x− 7)(x+ 2) (c) x = −2, 1, 7 (d) −2 < x < 1 or x > 7

3. P (x) = x3 − 3x2 + 5x − 4 4. 7 5. 3, −7 6. a = 6, b = 11, c = −18 7. (a) Proof (b) 1

3
(c) 1

4
, 2

5
8. Proof 9. f(−2) = 0,

f(x) = (x+2)(x+4)(x− 3) 10. Proof 11. (a) −2 (b) −3 (c) −5 (d) −5 12. (a) αβ+αγ+βγ = 4, αβγ = 5 (b) 4

5
13. (a) Proof

(b) P (x) = (x−1)(3x−1)(2x+1) (c) x ≤ − 1

2
or 1

3
≤ x ≤ 1. 14. (a) Proof (b) a = −2 15. (a) 2α+β = 0, α2β = −2 (b) m = 3

16. (a) (x+ 1)(3x2 − 1) (b) θ = π

6
, 3π

4
or 5π

6
17. −5 18. (a) Proof (b) −5 19. (a) P (x) = (x+ 2)(x− 1)2 (b) x ≤ −2 or x = 1

20. -7 21. 1 22. (a) 8+2a+b = 0, −1−a+b = −15 (b) a = 2, b = −12 23. (a) Proof (b) k ≤ −2 or k ≥ 2 24. (a) (x−2)2(x+1)
(b) x ≥ −1 25. 5 26. 25

4
27. −3
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